Semiconductor spintronics [1] [2] [3] and semiconductor quantum computation [4, 5] have generated intense interest in the fundamentals and applications of entangled many-spin systems. Although currently proposed quantum computers [6] rely on read-out of single qubit registers, measurement of the entangled many-qubit state provides a means to observe the quantum computation process at its basic level, thereby also monitoring the decoherence process. Thus from an applied perspective these observations would permit an examination of the development of errors in the entangled quantum computation process that would eventually produce output bit errors. Optically viewing the entangled states also provides insight into the quantum dynamics of several types of spin systems, such as arrays of quantum dots [7] , conduction electron spin packets [8] which have been entangled, insulating quantum spin systems [9] , arrays of molecular magnets [10] , and spins of macroscopic objects [11] . Proposals for measuring the entanglement of two spins include the noise of the charge current flowing through two quantum dots [12] , or the production of single pairs of entangled photons [13] , and require nondegenerate eigenstates.
Here we propose a general and robust method of measuring, independent of spectral degeneracy, all the information about an entangled many-spin state in a physical system permitted by quantum measurement bounds. The essential requirements are optical spin selection rules and a minimum separation between the spins of the order of λ/nν, where λ is the wavelength of the probe field, ν is the refractive index of the material, and n is the number of spins whose entanglement is probed simultaneously. In contrast to [12] , the optical method does not disturb quantum computation controlled by gates. For a spatial ensemble of spin systems coherent oscillations of many-spin states can be observed by repetitive measurements without the need to refresh the many-spin state, analogous to the precession of an ensemble of single spins. Repetitive preparation and detection of a many-spin state can also be performed. These proposed measurements for n spins are the n-spin generalization of single-spin Faraday rotation [14] . For the measurement of an individual many-spin state, repetitive measurement without preparation provides that information permitted by quantum measurement bounds.
In our approach two perpendicular pulsed light beams with opposite circular polarizations scatter nonresonantly off the n-spin state encoded into n = 1, 2, 3, . . . spins. Each beam is prepared in either a coherent photon state of a laser with average photon number N = |α| 2 or in an N -photon Fock state [15] with N n. The amplitudes and the entanglement of the n-photon state created by Rayleigh scattering from the dots are read out by n detectors measuring n-photon correlation interference patterns seen on an image plane (see fig. 1 ). In contrast to quantum optical tomography, where the polarization of the analyzer is varied to measure all the projections of a many-photon state [16, 17] , we vary the position of our detectors or use many detectors at different positions, which provides the advantage of parallel evaluation of the detection data (as a CCD camera does). For our calulations we choose a physical system made of n doped quantum dots, each containing a single excess electron spin in which our n-spin state is prepared. The selection rules for the creation of virtual electron-hole pairs (see fig. 2 ) correlate exactly with the spin state of the excess electron due to exciton Pauli blocking, which has been already experimentally observed [18] . Therefore the entanglement of the spins is imprinted onto the many-photon system. Such virtual states also play a central role in the spin-dependent optical Stark effect [19, 20] .
The goal of our method is to read out all the amplitudes of a general n-spin state of the form |ψ n = µ a µ |µ , where µ = µ 1 µ 2 · · · µ n and µ j is either ↑ or ↓, ∀j, 1 ≤ j ≤ n, representing the spin up or down states of dot j, respectively. We choose the quantization axis -from now on our z-axis-to lie along one of the beams (which are propagating along z and x). Light propagating along γ = z or γ = x induces virtual transitions of the valence electrons (in the J γ = ±3/2, ±1/2 states, see fig. 2 ) to the energies marked by dashed lines. For spherical dots, the heavy hole states with |J γ | = 3/2 are degenerate with the light hole states with |J γ | = 1/2 for both the γ = z and γ = x directions (see fig. 2 ). Thus for light incident along either z or x, the scattering probability for left circularly polarized light (LCP) when the electron spin is parallel to the light propagation direction is three times that for right circularly polarized (RCP) light. This well-known difference [21] produces Faraday rotation for the single-spin case. Here, however, an RCP photon can interact with one dot, and an LCP with another, or vice versa, and the interference between these two paths produces a correlated interference pattern of polarized photons at the image plane. Our proposal works for dots on the object plane (see fig. 1 ) arranged in any configuration, including the random distribution expected from growth kinetics. Spherical dots produce a larger signal of spin entanglement than nonspherical dots. Compared to spherical dots, the visibility for pancakeshaped (self-assembled) dots is reduced to cos 2 Θ 2 = 0.85, where Θ = π/4 is the angle of the laser beams with respect to the growth direction of the self-assembled quantum dots.
By examining the n-photon correlation interference pattern with n detectors, and using coincidence techniques, we can select only the n-photon scattering events coming from n quantum dots and eliminate scattering events involving fewer than n photons. Further, due to distinctions in the spatial interference patterns, the n-photon scattering events where more than one photon scatters from a single dot can be identified and discarded. Events involving m photons, where m > n, contribute to the interference pattern only if at least one photon scatters off each dot. We find these m-photon scattering events produce the same n-photon interference. We can treat the electron-photon interactions for each dot separately for both noninteracting and interacting dots, because the Pauli principle blocks any modification to n-photon scattering from the exchange interaction.
The Rayleigh scattering amplitude for photons with energyhω from a single dot with gap E gap ∼hω ∼ 1 eV is calculated by means of perturbation theory [22] for coherent laser beam sources. The calculation for input N -photon Fock states is similar. We obtain
where |g (|e ) is the ground (excited) state of the dot, |α kiσi is the incoming coherent photon state with wave vector 
where A is the vector potential of the light beam and p j is the momentum of the electron on quantum dot j. In eq. (1) the δ
is the optical pulse shape of widthh/T . For ω ∼ 10 15 s −1 and T = 30 ps, the bandwidth is ∼ 70 µeV. To rule out processes which create real carriers the detuning energyhω d = E gap −hω has to be much larger than the bandwidth and the linewidth Γ = 15 µeV [24] . The single-photon interaction energy g; 1 k f σ f |H ep |e; 0 k f σ f ∼ 10 µeV, and for N = 10
3 , e; N kiσi |H ep |g; α kiσi ∝ √ N is around 0.3 meV [24] . Forhω d = 1 meV the single-dot scattering probability is |S fi | 2 = 0.01 and the scattering probability for n-photon scattering is |S fi | 2n = (0.01) n . With a pulse repetition rate of f = 10 8 s −1 , we get a detection rate of f |S fi | 2n = 10 8−2n s −1 . For n > 4 this rate is very small, and thus resonant Rayleigh scattering is required for efficient detection.
We now describe in detail how the interference between scattering events from two individual quantum dots permits the determination of a general two-spin state of the form |ψ 2 = a ↑↑ | ↑↑ + a ↑↓ | ↑↓ + a ↓↑ | ↓↑ + a ↓↓ | ↓↓ . A single optical pulse is split into two, one piece directed along x and the other along z (see fig. 1 ), so that the dots interact with a coherent state of the form |α = |α σ
. Before scattering the electron-photon state is |ψ ep = 1 2 |ψ 2 |α . The two-photon correlation arises from the interference between two of the four possible photon-spin scattering events: i) |α σ
2 : the pulse propagating along x interacting with dot 1 and that along z interacting with dot 2, and ii) |α σ
2 : the pulse propagating along x interacting with dot 2 and that along z interacting with dot 1. The scattered electron-photon state is
after virtual absorption and subsequent emission of both photons. The semicolons separate the photons scattered from dot 1 and 2, respectively. S 1 (S 2 ) is the scattering amplitude for the processes in which the photon excites an electron from the light valence state of dot 1 (2) . Since the dots may have different energy level spacings, S 1 = S 2 . So the two-spin states are
Scattering angles that are much smaller than 2π ensure the polarization of the emitted photons in eq. (3) [13] . Now we are ready to calculate the two-photon correlations from this scattered state in order to retrieve the amplitudes of the two-spin state. We apply the techniques found in ref. [25] . The electric component of the laser field can be expressed by E(ρ,
where
kσ e ±i(k·ρ−ωt) . a kσ ± and a † kσ ± are the annihilation and creation operator of a σ ± photon, respectively. ε 0 is the vacuum dielectric constant, and V = λf is the volume containing our quantized electric field E(ρ, t), where f ∼ 1 µm 2 is the spot area of the laser. We restrict ourselves to one mode k = 2π/λ with wavelength λ and one frequency ω k . For convenience, we choose the left and right circular polarizations σ = σ ± . The joint probability C 2 that one photon with polarization σ + is detected at R σ+ and a second photon with polarization σ − is detected at R σ− (see fig. 1 ) is [25] 8). R0 is the distance between the detectors, such that R0 :
Each electric field term consists of a sum of electric fields coming from all the dots, i.e. E (±)
i,σ ± . Then the two-photon interference pattern is given by
. From this interference pattern we can retrieve | ψ xz |ψ xz |, | ψ zx |ψ zx |, and the phase ϕ of the overlap | ψ zx |ψ xz |, which is a direct measure of the entanglement involving | ↑↓ and | ↓↑ . Equation (6) In order to detect the entanglement involving ψ xx |ψ xx and ψ zz |ψ zz , the spins must be rotated globally into the direction with spherical angles θ and φ, i.e. | ↑ = cos
, where c = cos
. From these equations we see now that it is possible to retrieve the rest of the amplitudes.
Measurements on an ensemble of such quantum dot spin systems could be used to observe time-dependent coherent phenomena. For example, the phase ϕ of the two-spin system initialized in a superposition of singlet and triplet eigenstates would change linearly with time, producing an oscillation in the two-photon interference pattern with a frequency depending on the singlet-triplet energy difference.
We can generalize our results to the n-photon scattering off n quantum dots. For this we use first only two polarized detectors and n − 2 unpolarized detectors. Then we need to measure the n-photon correlations of the form
where E (+)
σ − denote the detection of a σ + and a σ − photon at position R σ+ and R σ− , respectively. E (+) dj detects a photon at position R dj . The n-photon correlation detection enhances the resolution by a factor of n if
for all pairs of distances between quantum dots and detectors. In order to understand that, one can see already from eq. (6) that the resolution can be enhanced by a factor of 2 by varying both detector positions
For present quantum dot technology n = 4 would be suitable. Since the bandgap of ZnSe is 2.7 eV [23] , the laser wavelength is λ/ν = 160 nm, where ν = 2.9 is the refractive index. So the spins should be about 40 nm apart, which is already in experimental range [7] . We find
where gives also C ijkl = 0 if 10i + j > 10k + l for i < j and k < l, 10j + i > 10k + l for i > j and k < l, 10i + j > 10l + k for i < j and k > l, and 10j + i > 10l + k for i > j and k > l. An example for C 3 is shown in fig. 3 . The entanglement leads to an additional quantum interference on top of the spatial interference pattern.
In order to relax the requirement of large distance between the dots, the many-qubit state could be encoded in every, e.g., fifth quantum dot only, and the other quantum dots would be used to mediate a super-superexchange interaction between the computational qubits [27] . Using three intermediate dots gives an exchange coupling J i ∼ t 8 0 / 7 , where t 0 is the tunnel coupling between the dots, and is the energy difference between the level of the computational dots and the level of the intermediate dots. J can be maximized by increasing both t 0 and while keeping t 0 < [28] .
The number of different spatial frequencies in eq. (8) is given by (the possibilities to connect the n quantum dots with the n detectors for the creation operators) times (the possibilities to connect the n quantum dots with the n detectors for the annihilation operators -1) divided by 2, which is due to e +(ξ ijDklD +ϕ ijDklD ) + e −(ξ ijDklD +ϕ ijDklD ) = 2 cos(ξ ijDklD + ϕ ijDklD ). The -1 means that the connections between the dots and the detectors for the creation operators must be different from the connections for the annihilation operators, in order to get a nonzero spatial frequency. So the number of different spatial frequencies is F (n) = n!(n! − 1)/2, providing us with 2F (n) = n!(n! − 1) independent detection parameters (amplitudes and phases of C ijkl ). In our 2 n -dimensional Hilbert space a many-spin state is given by P (n) = 2 · 2 n − 2 linearly independent parameters. So 2F (n) ≥ P (n) for n > 2. Global rotations are needed to read out the invisible amplitudes a ↑↑↑···↑ and a ↓↓↓···↓ . Thus our detection method is able to retrieve all the amplitudes of an n-spin state, such as found, e.g., in [7] . * * * We thank G. Burkard, R. Epstein, O. Gywat and M. Ouyang for useful discussions. We acknowledge the support of DARPA/ARO, DARPA/ONR, and the US NSF.
